I. INTRODUCTION
Knowledge of the potential interaction among atoms plays an important role in the study of cold atom collision processes, which have applications to laser cooling and trapping of atoms. This paper is concerned with the study of the long-range interactions among three alkali-metal atoms in their ground states. The long-range limit of the potential surface interactions may be expressed in a power series in the inverses of the internuclear separations. The algebraic coefficient of each power combination in this series is a dispersion coefficient. These coefficients may be computed using perturbation theory, where the perturbation is given by the Coulomb interaction among the atomic charge distributions, and where the unperturbed Hamiltonian is given by the sum of the atomic Hamiltonians. ͑The unperturbed Hamiltonian becomes the exact one in the limit of infinite separation distances between the nuclei.͒ The perturbation parameters are proportional to the inverses of the internuclear distances. The dispersion series includes, in addition to the well-known pair-interaction coefficients C 6 , C 8 , and C 10 ͓1͔ ͑which result from second-order perturbation theory͒, a coefficient C related to the electric dipole moment interactions among all three atoms. The C coefficient results from third-order perturbation theory and describes the strength of the nonadditive, three-atom interaction.
The first investigations of the three-dipole interaction were by Axilrod and Teller ͓2͔ and by Muto ͓3͔ in 1943. Axilrod and Teller ͓2͔ give the order of magnitude of the constant C and Muto ͓3͔ estimated its value using a simple atomic model. Axilrod ͓4͔ later also employed a simplified atomic model to derive the constant C, obtaining a value in agreement with that of Ref. ͓3͔. Midzuno and Kihara ͓5͔ and Kihara ͓6͔ used a variational method to find an approximate expression for the coefficient C in terms of the reduced masses and polarizabilities of the three interacting atoms. ͑We shall show in this paper that this approximate relationship is very accurate for the alkali-metal atom three-body systems.͒ Aub and Zienau ͓7͔ derived the three-body interaction energy for three neutral atoms by the methods of quantum electrodynamics. In the region in which the distances between atoms is small compared to the wavelengths corresponding to typical atomic excitations, their results agree with those obtained by Axilrod ͓4͔ ͑and hence also with those of Muto ͓3͔͒. A compact expression for the C coefficient ͑in terms of an integral over the product of the dynamic atomic dipole polarizabilities of imaginary frequencies͒ was established by McLachlan ͓8͔. The first accurate evaluation of the C coefficient was given by Chan and Dalgarno for three hydrogen atoms in 1965 ͓9͔ using a double integral representation for the C coefficient. For further background material, we refer the interested reader to the review by Dalgarno and Davison ͓10͔. We note here, however, that strong evidence for the significance of three-body interactions is provided by measurements of the third virial coefficient, particularly for low temperatures ͓11,12͔.
For the alkali-metal atoms with which this paper is concerned, there have been a number of calculations since the late 1960s. All of these calculations aim to describe the dipole oscillator strength of a single alkali-metal atom as accurately as possible and then to use the results to compute the three-body dispersion coefficients. However, there have been only two ab initio calculations, both for Li: Stacey and Dalgarno ͓13͔ employed multiconfiguration wave functions and Yan et al. ͓14͔ employed Hylleraas wave functions. Also for Li, Margoliash et al. ͓15͔ employed a so-called ''pseudospectral theory'' to represent the then available dipole oscillator strength distribution data. For all of the alkali metals, Langhoff and Karplus ͓16͔ and Standard and Certain ͓17͔ have provided Padé approximant bounds on the three-body dispersion coefficients. These bounds, of course, depend on the experimental and theoretical input data used to generate the bounds. Finally, Tang ͓18͔ has analyzed the approximate Midzuno and Kihara ͓5,6͔ formula and presented two additional approximate formulas for the three-body dispersion coefficients. General discussions of such approximate formulas, known as ''combination rules,'' have been presented by Kramer and Herschbach ͓19͔, by Margoliash et al. ͓15͔ , and by Jhanwar and Meath ͓20͔. Such approximate formulas are useful when ab initio results are unavailable.
In this paper we present the evaluation of the C coefficients for all combinations of three interacting alkali-metal atoms in their ground states. The interactions of the valence electrons with the closed-shell cores of the alkali-metal atoms are described by l-dependent model potentials ͓1͔. Section II presents the mathematical expression for the threedipole interaction coefficient C as an integral over the product of atomic dipole polarizabilities of imaginary frequencies. The derivation of the C coefficient expression presented here provides a complete picture of the contributions of the different orders of perturbation theory to the dispersion series of the long-range potential surface. Our final expression for the C coefficient agrees with that of McLachlan ͓8͔. Discussions about the evaluation of the C coefficients are presented in Sec. III and values for the C coefficients are given for all possible combinations of three alkali-metal atoms. Comparisons are also made to other results for alkalimetal atoms ͓13-17͔ as well as to results we have obtained using various combination rule formulas ͓5,6,15,18-20͔. Section IV presents our conclusions.
Throughout this paper we use atomic units (បϭm e ϭcϭ1).
II. THEORY
In a Born-Oppenheimer picture the electronic Hamiltonian of the three interacting atoms is given by
where H j , for jϭ1,2,3, is the Hamiltonian of the jth atom and V i j is the Coulomb interaction between the atomic charge distributions of the ith and jth atoms. The eigenvalue of Eq. ͑1͒ as a function of the internuclear distances is the potential energy surface describing the interactions among the three atoms. We are concerned with the long-range behavior of the potential surface, for the case in which, in the dissociation limit, the atoms are in their ground state. Thus, in this limit, the eigenvalue problem may be solved using perturbation theory, where the unperturbed state is described by the sum of the atomic Hamiltonians, i.e., H 1 ϩH 2 ϩH 3 , and the perturbation by the sum of the Coulomb interactions between the atomic charge distributions. The perturbation parameters are proportional to the inverses of the internuclear distances. The formalism and the final computation are made for a system of three alkali-metal atoms. The closed-shell cores of the alkali-metal atoms are described by l-dependent model potentials, which have been presented in Ref. ͓1͔. Thus, only the valence electron will be taken explicitly into consideration. In the long-range limit, the Coulomb interaction between two hydrogenlike atoms may be written ͓21-23͔ as a powers series in 1/R,
where R is the internuclear distance and where r ជ 1 and r ជ 2 are the position vectors of the electrons relative to their respective nuclei. R ជ is assumed to be along the z axis. In Eq. ͑2͒, the functions V lL are given by ͓24͔
where
lϵ2lϩ1, and L ϵ2Lϩ1. The coefficients C n k ϵ n!/k!(nϪk)! are the binomial coefficients.
The eigenfunctions of the unperturbed Hamiltonian ͑which is the sum of the atomic Hamiltonians͒ may be written as a product of the atomic wave functions, i.e.,
where is the triplet of atomic quantum numbers ͕nlm͖ and ⌽ is the atomic wave function. The eigenvalue corresponding to the wave function in Eq. ͑5͒ is
where E is the atomic energy corresponding to the atomic state . Since we are interested in studying the long-range limit of the potential surface corresponding to the dissociation limit in which all three atoms are in their ground state, we have to consider the perturbation correction to the ground-state energy of the system, i.e., 1 ϭ 2 ϭ 3 ϭ g ϵ͕n g 00͖. In this case the perturbation problem is not degenerate. The first order correction to the energy is zero. The first nonzero contribution to the ground-state energy appears in FIG. 1. Geometry of the three interacting alkali-metal atoms. The singly charged ions are located at 1, 2, and 3 and have internuclear separations R i j . The angle ␤ j is defined by
The ith valence electron is located at the position r ជ i relative to the ith ion core. the second order of the perturbation. It has the following well-known expression in terms of the pair-interaction dispersion coefficients ͓1͔:
where R 12 , R 23 , and R 31 are the internuclear distances ͑see Fig. 1͒ . The superscripts on the dispersion coefficients designate the atomic pair interaction to which they belong. For the case of three identical atoms the superscripts may be discarded. The C 6 coefficients describe the dipole-dipole interaction between two atoms, the C 8 coefficients the dipolequadrupole interaction, and the C 10 coefficients the sum of the dipole-octupole and quadrupole-quadrupole interactions.
Since the perturbation term in Eq. ͑1͒ is a sum of pairinteraction terms, the collective effect of all three atoms interacting appears in the third and higher orders of perturbation. We are concerned here with the computation of the lowest order, nonadditive contribution in inverse powers of the internuclear distances, which appears in the third order of perturbation. The third order correction to the ground-state energy may be written as
where is a permutation of (1,2,3) and the sum is taken over all possible permutations. In Eq. ͑8͒, E (3) is given by
where V ( pq) is the Coulomb interaction between the charge distributions of the pth and qth atoms, given by Eq. ͑2͒. Substituting Eq. ͑2͒ into Eq. ͑9͒, and keeping only the lowest term in inverse powers of the inter-nuclear distances, E i jk (3) may be written as
n g 00n g 00
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where we have used the U symbols introduced in Appendix B of Ref. ͓24͔. The sum from Eq. ͑11͒ is taken over ͓25͔ comes from the fact that the ⌽ k wave function appearing in the first matrix element in Eq. ͑9͒ is defined relative to the internuclear axis ( jk) as the z axis while in the second matrix element in Eq. ͑9͒ it is defined relative to the (ki) internuclear axis as the z axis, the latter being rotated by the angle Ϫ␤ k relative to the ( jk) axis ͑see Fig. 1͒ . The rotation matrices with indices i and j have a similar origin. Using Eqs. ͑B10͒, ͑B14͒, and ͑B15͒ from Appendix B of Ref.
͓24͔, C i jk in Eq. ͑11͒ may be expressed as
and
͑14͒
In Eq. ͑14͒, the factors in the numerator are radial matrix elements. Using the analytic expressions for the d 1 functions ͓25͔ and Eq. ͑4͒ and making some elementary trigonometric transformations, we arrive at the following simple expression for D in Eq. ͑12͒:
which is symmetric under permutation of the angles. Thus, Eq. ͑8͒ becomes
in which we have used the symmetry of the fraction to the left of the summation and specified that i, j,kϵ1,2,3. A convenient way to evaluate the sum in Eq. ͑14͒ is to separate it into independent contributions of each atom. This is not possible for each S individually but it is possible for the sum,
by using the following integral representation:
which applies for aϾ0, bϾ0, and cϾ0, and in which Re denotes the real part. By choosing aϭE n i 1 ϪE n g 0 , bϭE n j 1 ϪE n g 0 , and cϭE n k 1 ϪE n g 0 and applying Eq. ͑18͒ to the sum in Eq. ͑17͒, where each S is given by Eq. ͑14͒, inverting the summation and the integration, and computing formally the sums over the atomic principal quantum numbers, we finally get the following expression for S:
where g 1 is a radial Green's function for angular momentum lϭ1 and for the complex energy E n g 0 ϩi. The radial matrix element on the right-hand side of Eq. ͑19͒ is proportional to the atomic dynamic dipole polarizability ␣ 1 for the ground state, evaluated at an imaginary frequency i. Thus Eq. ͑19͒ may be written also as
where we have used the definition
Finally, the third-order correction to the ground-state energy in the lowest order of inverse powers of the internuclear distances may be written as
where the three-dipole interaction dispersion coefficient C is given by
This result may be easily generalized to the case of three different species of alkali-metal atoms, in which case C is given by
where the superscripts A, B, and C designate the atomic species. In this way the three-center molecular problem of computing the long-range potential surface interaction has been reduced to the one-center atomic problem of evaluating the dynamic dipole polarizabilities for each atom for imaginary frequencies. Our result in Eqs. ͑22͒ and ͑24͒ agrees with Eq. ͑4.3͒ of Ref. ͓8͔.
III. RESULTS AND DISCUSSIONS

A. Computational procedure
The main task in the evaluation of the three-dipole dispersion coefficients C, given by Eq. ͑23͒ or ͑24͒, consists primarily of calculating the atomic dipole polarizabilities ␣ 1 for imaginary frequencies using Eq. ͑21͒. They were evaluated by the Dalgarno-Lewis method ͓27͔ of solving the inhomogeneous differential equation for the linear response. Notice that the dipole operators in Eq. ͑21͒ have been replaced by their expressions from model potential theory ͓28-31͔, i.e.,
Ϫ͑r/r c Ј͒ 3 ͔ ͮ ,
͑25͒
where ␣ c is the core polarization of the positive ion and r c Ј is a parameter fitted in order to reproduce the experimental values of the static dipole polarizabilities ͓32͔. Details of the numerical methods used to compute the polarizabilities have been described in Ref. ͓1͔. To complete the evaluation of the C coefficients, one needs also to carry out the integral over in Eq. ͑23͒ or ͑24͒. Our codes have been tested numerically by comparing our results for the interaction of three hydrogen atoms with the result of Chan and Dalgarno ͓9͔. We find the C coefficient to be 21.642 48, which is in excellent agreement with the value 21.6425 of Ref. 
B. Results for C and its contribution to the long-range interaction potential
In the long-range limit the potential surface interaction among three alkali-metal atoms is given by the contribution of Eq. ͑7͒ and Eq. ͑22͒, i.e.,
Note that in Eq. ͑26͒ the three-dipole dispersion coefficient C enters with a different sign from those of the pairinteraction coefficients C 6 , C 8 , and C 10 . Also, C is multiplied by an angular dependent factor, which is positive for max(␤ 1 ,␤ 2 ,␤ 3 )Ͻ117°and negative for max(␤ 1 ,␤ 2 ,␤ 3 ) Ͼ126°͓5͔. A contour plot showing positive and negative regions for the angular factor is given in Fig. 2 . Our numerical results for the coefficient C are presented in Tables I and II. Table I presents results calculated using Eq. ͑23͒ for the case of identical alkali-metal atoms. Table II presents results calculated using Eq. ͑24͒ for all heteronuclear combinations of three alkali-metal atoms. In Table I we have compared our results obtained from Eq. Table I that the bounds predicted by these two references do not agree with each other and, with the exception of the Ref. ͓16͔ result for Rb, do not agree with our results. We note once again the sensitivity of these bounds to the theoretical and experimental input data used ͓16,17͔.
Note finally that the values of the C coefficients are roughly one order of magnitude less than those of the C 10 coefficients obtained for the alkali metals in Ref. ͓1͔. However, the contribution of the C coefficients comes in the ninth order of the inverse power of the internuclear separation ͑whereas the C 10 coefficients contribute in the tenth order͒. Thus the contribution of the three-dipole interaction dispersion coefficient C may be comparable to the contribution of the pair-interaction dispersion coefficient C 10 , and so our results show that three-body effects may not be neglected in the description of the long-range surface potential interaction among three alkali-metal atoms.
C. Comparison with approximate formulas for C
Midzuno and Kihara ͓5,6͔ derived an approximate expression for the atomic three-dipole dispersion coefficient C.
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For the case of three identical atoms, they obtain
and for the general case of three different atoms, they obtain 
with i, j,kϭ1,2,3. Chan and Dalgarno ͓9͔ found that using Eq. ͑27͒ for three interacting hydrogen atoms gave a result that was only 1.2% larger than their result for C. Similar comparisons in Ref. ͓10͔ for three identical noble gas atoms gave results within 5% of those of direct calculations. Given this close agreement, we have therefore also compared the results of using the approximate Eqs. ͑27͒ and ͑28͒ with our results obtained from Eqs. ͑23͒ and ͑24͒, respectively. The two sets of results are compared in Tables I and II . We see that in all cases, the approximate Eqs. ͑27͒ and ͑28͒ give agreement with the results of Eqs. ͑23͒ and ͑24͒ to better than 0.4%, where the largest discrepancy is for the case of three Li atoms. The approximate formulas of Midzuno and Kihara ͓5,6͔ led Tang ͓18͔ to develop two similar approximate formulas for the three-body dispersion coefficients. These formulas as well as those of Refs. ͓5,6͔ have been discussed by Margoliash et al. ͓15͔ and by Jhanwar and Meath ͓20͔. In addition to comparing our results obtained from Eqs. ͑23͒ and ͑24͒ with those predicted by the approximate Eqs. ͑27͒ and ͑28͒, respectively, of Midzuno and Kihara ͓5͔, we have also compared our results with the approximate formulas of Tang ͓18͔. We have not presented our latter results in Tables I and  II for 
The results using this formula agree with those obtained from the approximate formulas of Midzuno and Kihara ͓5͔ that we present in Tables I and II to within Ϯ0.0002ϫ10 ϩ6 a.u. in all cases. Tang's second combination rule ͓which we obtain by combining Eqs. ͑4͒ and ͑8͒ of Ref.
͓15͔͔ assumes knowledge of the three-body dispersion coefficient C (iii) for three identical atoms as well as the dipole polarizabilities of each atom. It is given by Eq. ͑28͒ with
This second combination rule permits one to obtain the three-body dispersion coefficients for nonidentical combinations of three interacting atoms. The results ͑when we use our predictions for the three-body dispersion coefficients for three identical atoms from Table I͒ agree with our predictions in Table II for nonidentical combinations of three interacting atoms to within Ϯ0.002ϫ10 ϩ5 a.u. in all cases.
D. Dependence of C on the static dipole polarizabilities
Since the numerical values of the C coefficients depend strongly on the accuracy of the atomic dipole polarizabilities, one may ask what is the effect of the uncertainty in the experimental value of the static dipole polarizability on the evaluation of the C coefficients. In our computation the Fig. 3 we present a plot of the C coefficient versus ␣ 1 (0). The three experimental values included in Table III are indicated in Fig. 3 by black circles. Other values of ␣ 1 (0) used to compute C are indicated in Fig. 3 by open circles. Figure 3 shows that the C coefficient has an almost linear dependence on small variations in the value of ␣ 1 (0). Analyzing the numerical values obtained, we conclude that the relative uncertainty in the C coefficient is roughly three times bigger than the relative uncertainty in the static dipole polarizability ␣ 1 (0). This result may be understood as follows: in Eq. ͑23͒ the dipole polarizability enters with a power of 3 and the main contribution to the integral in Eq. ͑23͒ is given by small values of ͑i.e., the static dipole polarizability gives the dominant contribution͒. This result is expected to hold for the C coefficients for any three interacting atoms. Thus in a similar way, we expect that the numerical values for the C coefficients presented in Table II for all heteronuclear combinations of three alkali-metal atoms will have uncertainties given by the sum of the relative uncertainties in the static dipole polarizabilities, as may be inferred from Eq. ͑24͒ and the fact that the main contribution to the integral is for small values of . Also we mention that Table III may be used to estimate by interpolation the C coefficient for three Na atoms for any other static dipole polarizability value.
IV. CONCLUSIONS
Using nondegenerate perturbation theory up to third order, we have computed the dipole dispersion coefficient C for three interacting alkali-metal atoms. The C coefficient measures the strength of the nonadditive part of the longrange three-atom interaction. Numerical computations have been carried out for all possible combinations of three alkalimetal atoms. The values obtained indicate that such threebody nonadditive dipole interaction effects are comparable in magnitude to those of the two-body dipole-octupole and quadrupole-quadrupole interaction effects. Thus they may not be neglected in the description of the long-range surface potential interaction for alkali-metal atoms.
Our results for three-body dispersion coefficients have been compared with results of other authors for the case of three identical interacting atoms. While there is theoretical agreement in the case of Li, prior estimates for the other alkali metals in general differ significantly from our present results. In all cases we have compared our present results for C with those resulting from the approximate formulas of Midzuno and Kihara ͓5,6͔. There is excellent agreement for the case of alkali-metal atoms. We have also evaluated approximate formulas of Tang ͓18͔ and find in all cases there is nearly identical agreement with either our results or with results of the approximate formulas of Midzuno and Kihara ͓5,6͔, depending on the formula used. Thus we conclude that the approximate formulas ͑or combination rules͒ give reliable results when accurate input data are used.
Finally, based on a numerical analysis carried out for the case of three Na atoms, we have concluded that, in general, the relative uncertainty in each of our results for the C coef- FIG. 3 . Dependence of the three-dipole dispersion coefficient C on the static dipole polarizability ␣ 1 (0) for the case of three Na atoms. The results for C corresponding to the experimental values of the static dipole polarizability given in Refs. ͓32͔, ͓35͔, and ͓34͔ are indicated by the three black circles in the order from left to right, respectively. ficient is roughly three times bigger than the relative uncertainty in the experimentally measured value of the static dipole polarizability ␣ 1 (0) for the case of three identical interacting atoms and is roughly equal to the sum of the relative uncertainties in the experimentally measured static dipole polarizabilities for the case of three different interacting atoms.
